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Motion Planning and Control
for Hilare Pulling a Trailer

Florent Lamiraux, Sepanta Sekhavat, and Jean-Paul Launwerdber, IEEE

Abstract—This paper deals with motion planning and control feedback control laws. There is no path planning. Reference
for mobile robots. The various components of an integrated [30] presents experiments for a robot with a trailer in a specific
architecture for the mobile robot Hilare pulling a trailer are environment composed of corridors. The robot and the trailer

presented. The nonholonomic path planner is based on an original . h that th b idered
steering method accounting for the small-time controllability are grown in such a way that they can be considered as

of the system. Then the path is transformed into a trajectory @ car-like system. Reference [12] presents an experimental
by including the dynamical constraints of the system (bounded system consisting of a car with one or two trailers. This work
velocity and bounded acceleration). Finally motion control is addresses the planning and the execution of maneuvers such
addressed: thanks to a geometric transformation introducing a as parallel parking and docking

virtual robot, we show how to reduce the problem to a classical In thi t int ted ht th
approach of trajectory tracking for a mobile robot moving only n this paper, we present an integrated approach to pa

forward. Experimental results include two types of robot-trailer  Planning and motion execution for a mobile robot with a
connection systems. trailer. Our approach may face any constrained environment

Index Terms—Mobile robot with trailer, motion control, non- while takllng into _account bounds on _bOth Vellocmes and
holonomic path planning. accelerations of the robot. A short version of this paper can
be found in [46].

The paper is organized according to the three main compo-
nents of our integrated system: computation ab#ision-free

HIS paper presents all the components required to devisasible patht, transformation of this path into &asible

a practical navigation system for a mobile robot pullingrajectory and trajectory tracking. We will report prior work
a trailer in a known environment. Experiments involving theelated to each step in the corresponding sections.
mobile robot Hilare are reported. Two different robot-trailer Nonholonomic Path Planning (Section Il Both systems
connection systems are considered: on System A (Fig. 1, lef),and B are small-time controllabfeSmall-time controlla-
the trailer is hooked up above the wheel axis of the robdiility means that the set of configurations reachable after any
whereas on System B (Fig. 1, right), the trailer is hooked wgiven time always contains a neighborhood of the starting
behind the wheel axis. configuration. As a consequence any collision-free path can

We assume that the mobile robot moves sufficiently slowlye approximated by a sequence of collision-free feasible paths.
(5 mst 5 rad st!) to make all the dynamical effects Then nonholonomic path planning can be addressed by dealing
negligible (no slippage). We do not consider any restricticgeparately with the physical constraints due to the obstacles
on the shape of the obstacles. The inputs of our system arel the kinematic constraints due to the wheels. This approach
a geometric map of the environment, the type of robot-traileras first proposed in [26] for a car-like robot. At this level our
connection, and bounds on the linear and angular velocitiesntribution is to propose a new open-loop steering method
and accelerations. The output is the execution of a motionaccounting for the small-time controllability of the systems.
the real world. We will show that this property is crucial for the convergence

For the past eight years, mobile robots with trailers hawd the algorithm.
been fruitful examples to support advanced researches Tansformation of a Feasible Path into a Feasible Trajectory
control of nonholonomic systems (e.g., [19], [27], [28]). SucSection 1V): Following a path for an articulated system sub-
researches address either open loop control or feedback gented to bounds on velocities and accelerations requires an
trol. Most of them ignore the obstacle avoidance problem aagpropriate time-parameterization of the path. This issue has
few of them report experiments on a real system. In [38] deen addressed in the case of manipulators with acceleration
[6] the experiments are carried out only to evaluate variolimitations. We propose here a numerical method based on
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on a classical trajectory tracking control law for mobile

robots [41]. Our contribution lies in the extension of this law

to a mobile robot with trailer via geometric transformz;ttioﬁfvfht(:‘;]re thg 'rt]p_LIf?” andwr at:_e tTeJ'Te?rr]a'}dlfngmar velotC|t!ets )
allowing the tracking problem to be reduced to forwar € robot. They are subjected to the Tollowing constraints:

; . ST | < 1< 0| < 4 ol < Omaxe
motion only. Robustness is analyzed through an |terat|\§‘| < Umax; [wr| < Winax, [0] < Ginax @nd | < Grma

control scheme combining motion planning and trajector ese constraints :_;md_ the weight of the robot ensures the
tracking. bsence of lateral slipping of the wheé|sand!l; are constants

Experiments (Section VI)Last but not least, all these COm_defmlng the geometry of the robot-trailer connection (Fig. 1).

ponents have been integrated within a modular architect e!‘(tat USBnOt.'tChj trla':)altt)h?#gh ?ysterﬂ Als dgﬁpartltt:ular caf_e of
(Section 1) to perform experiments in an indoor environmel;%yS em b withi, =1, both Systems have dillerent properties
rom a control point of view and they have to be studied

separately.

The hardware architecture of our experiments (Fig. 2) is
composed of a Unix workstation and on-board processors,
communicating via radio Ethernet. The software architecture

Our experimental platform is Hilare-2-bis, a two drivingis organized in three modules and an interface to control the
wheel mobile robot belonging to the family of mobile roboexecution during experiments [15]. The modilRPLANNER
Hilare growing at LAAS since 1976 [16]. In the followingon the workstation computes a collision-free feasible path
experimentation we use proprioceptive sensors: the odometad sends this path to the modul®&PILO on-board. This
(based on optical encoders on dedicated wheels) gives thager module first computes a time parameterization, and then
position (z,,y.) and the directiond,. of the robot w.rt. a samples the corresponding open-loop ingutgt), w,-(t)) on a
starting configuration; an angular encoder gives the relatisegment of shared memory callgdster The moduleTRLOCO
direction¢ of the trailer w.r.t. the direction of the robot. Threeeads these data on the poster and computes in real-time
cameras on the ceiling give the initial configuration of ththe closed loop control of each motor. The position of the
system w.r.t. an absolute frame. initial and final configurations are measured by an absolute

We consider two different systems A and B of robot-traileibcalization system composed of three cameras mounted on
connection (Fig. 1). The corresponding control systems atee ceiling of the experimentation site.

with a real robot.

Il. HILARE AND ITS TRAILER
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I1l. N ONHOLONOMIC PATH PLANNER

As described previously, this task is performed by the
moduleTRPLANNERThe inputs to this module are a geomet-
ric map of the environment, initial and final configurations.
The output is a collision-free feasible path between thes
configurations.

A. Motion Planner Based on a Steering Method

TRPLANNERIis based on a two step approach, dealingg. 3. First collision-free path that does not take into account the nonholo-
separately with the physical constraints (obstacles) and witpmic constraints.
the kinematic constraints (rolling without slipping of the
wheels). This approach formerly proposed in [26], first buildsxists, the probability to find a solution tends toward 1 when
a collision-free path without taking into account the nonthe searching time increases toward infinity. RPP generates
holonomic constraints of the system. Then, this path is agwo types of paths: gradient paths to get closer to the goal and
proximated by a sequence of collision-free feasible sub-patfamdom walks to escape local minima. Fig. 3 shows a path
computed by a steering method. Finally, the resulting pathdéemputed by this planner.
smoothed.

This approach is applicable to any small-time controllable. Steering Method
system. The convergence is guaranteed as soon as the steelr)—

@ng method.satisfies the following topological property, firs{ ,npo10nomic system from a configuration to another one is
introduced in [44]. . _ not an easy task. According to the state of the art (e.g., [19],
Letus Qenote t_)ﬂ the con_flguranon space of th_e system. Lzﬂ]’ [28]), steering exactly any nonholonomic system to a
de be a.d|stance '.d' A §teer|ng method is afl_mctlon that MaPYoal is an open problem. Fortunately both systems considered
any pair of configurationggo, 1) to a continuous function ;, s naner belong to special classes: they can be put into
q(t) from [0,1] to C, such thaig(¢) represents a feasible path chained forms [52], [50], [53] and thus they are flat [37].
betwe_en_qo and qi. ) For chained form systems it is possible to devise steering
Definition 1. LetEO be a small-time contr_ollable system. Letyoihods by using either sinusoidal controls [52] or multirate
Steer : C >_<_C —C ([0’1],’ C) be a stgermg method fat. controls [31]. The property of differential flatness of our
Steer verifies thetopological propertyif systems makes the steering problem equivalent to the determi-
Ve>0,3In>0,de(q1, q2) <n = nation of adplaneO2 curve %onnecting two p(;intsI with givET
tangent and curvature at the extremities. This latter problem
vt € [0, 1], de(a:, Steer(a, a2)(1)) <e. can be solved easily using polynomials for instance [37].
A steering method verifying the topological property is said Nevertheless none of these steering methods accounts for
to be TP-admissible the small-time controllability of the considered systems. None
The property introduced in this definition is directly reof them is TP-admissible (see Definition 1). Designing ade-
lated to the small-time controllability of the system. It camuate steering methods from the existing one raises technical
be roughly summarized by: the closer to each other twesues. In [44], we showed how to tune free parameters of the
configurations are, the closer to these configurations the pathusoidal inputs to make the corresponding steering method
computed by the steering method has to remain. This propefiy-admissible. This has been the first solution. However,
which may seem somehow technical and in relation with oginusoidal inputs revealed useless maneuvers for very simple
approximation scheme, is in fact more general and requirptbblems (see Fig. 5). The resulting collision free feasible path
in other path planning schemes (see below). This propertycgntains a lot of maneuvers, since this path is a concatenation
critical for obstacle avoidance. of elementary paths generated by the steering method.
The four following sections respectively present the geomet-To palliate this bad behavior, we have devised anew steering
ric planner, steering methods for both systems A and B, theethod using the differential flatness of the system and based
approximation scheme and comments justifying our choices natural curves like arcs of circles and straight lines. Each

Background: Even in the absence of obstacles, steering

with respect to other approaches. sub-path is composed at most of one cusp point and is very
natural as seen in the experimental results. We present now
B. Geometric Planner this method in its one trailer version. An extended version for

. . : 1\2 a n-trailer system can be found in [22]. We consider first the
The configuration space of our systemd&sx (S*)2. There case of system A. The computations relative to System B are

is no method solving exactly the (holonomic) path plannin : : ) : .
. . H}ore complicated from a numerical point of view and will be
problem in a reasonable amount of time for a system Q

i i i d aft d.
dimension 4 (see [24]). For this reason we chose to use t?gaose anerwar

. . Flatness-Based TP-Admissible Steering Method—System
random path planner (RPP) presented in [1]. This pIannerA_ Let us consider the plane curués) foIIowgd by the midY
probabilistically completeThat is, if a solution to a problem -

point P of the trailer axle when the system is moving. The
“4Here the obstacles are ignored. path of the whole system can be reconstructed frofm).
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Indeed, the direction of the tangent to the curve is equal to
the direction of the trailer, whereas the anglés) between
the robot and the trailer is given byn ¢(s) = —(x(s)/l),
wherex(s) is the curvature ofy(s). The existence of a such
construction constitutes the core of the flatness notion [37].
Let us consider two configurations = (x1, 41,01, %1) and
2 = (2, Y2, 02, 2). Let v4, 4,(s) be a curve inR*:
1) starting at(z1, 1) with orientationé; and curvature:;

for s = 0;
2) arriving at(zs, y2) with orientationf, and curvatures,
for s = 1;
3) tanp; = —(k1/ly) andtan s = —(ka/1}). Fig. 4. TP-admissible flat steering method.
The family of curvesy,, 4, (s) constitute a TP-admissible
steering method iffve > 0,37 >0 centered ony;, we need to introduce a cusp point where the
|22 — 21| <7 () — 21| <e robot changes its direction of motion. Indegtkerj,, paths
lys — 1| < ly(s) — 11| <e are glwaxs free of cusp points. Connecting the two followmg
60— 61| <n = Vs € [0,1], 10(s) — 6u] < e configurations (0, 0, 0, 0) an@ (=, 0,0) by aC? curve without
ks — ri| <1 |(s) — k1| <e cusp point requires the direction of the tangent veéa)

along the curve to reach /2. Thus, where tends toward O,
where v, 4. (s) = (2(s),y(s)), 6(s) and x(s) are, respec- the path between (0, 0, 0, 0) ard, ¢,0,0) does not remain
tively, the orientation of the tangent vector and the curvatuie a decreasing neighborhood of (0,0,0,0). This instance is a
of Y41,4.(5) at s. counter-example of Definition 1.

A lot of families of curves verifying various constraints The second step of the construction is also based on
have been studied in geometric modeling. Nevertheless, to eontinuity. If two configurations;; and ¢» are close to one
knowledge, none of them fits our requirement. Our solution &other, so are their canonical curves. Thgn necessarily
based on the perturbation e&nonical curvesA canonical intersects the cone reachable frgm (see Fig. 4). Then we
curve is associated to a configuratign= (x,y,0,): this define a configuration.,s, in the intersection between,,
is the unique curvey,(s) defined by a constant curvatureand the previous cone and we decompose the motion into two
x verifying tany = —x/l;, and passing through the pointparts:

(x,y) with a tangential orientation of. The canonical curve 1) a forward motion alongteer},, (1, geusp) and
associated to a configuration is thus an arc of circle (when2) a backward motion along,, .

¢ # 0) or a straight line segment (when= 0). Note that ifg, is in the cone, thene,s, = g2. The second part
Now, two configurationsyy = («1,41,61,/1) @nd g2 = of the motion is useless and the configurations are connected

(w2,y2,62, k2) being given, we define the abscissa of the \yithout maneuver.

projection of (w2, y2) 0N 7, (s). Then using an increasing The previous computation leads to a new steering method

function « over [0,1] verifying «(0) = 0,a(1) = 1 and (genoted bysteerss,,). This steering method is TP-admissible

a’(0) = o’(1) = a”(0) = (1) = 0, and combining the ang thus can be used in a collision-free planning scheme.

two canonical curves as follows: The geometric construction above gives some intuition of this

roperty. A detailed proof appears in [22].
Yo () = ) (08) + (1 = aO) (ot — 1)) (1) PrOPEY lled proof appears In [22]

Paths generated by this method are shown in Fig. 5.
we obtain aC? curve going fromg: to go. Indeed the two 3) Flatness-Based TP-Admissible Steering Method—System

first derivatives ofy,, ,,(f) at O (resp. 1) are the same aB: System B is _also diff_erentially flat. The previogs_ methpd
those ofy,, (vt) (respectively,y,, (v(t — 1))). At this point, can thus be applied to this system. However, the difficulty lies

the family of curvesy,, ,, defines a steering method denote§OW in the change of variablge,, v, 0, ) < (z,y,0,x).
by Steerf..(q1,q2)- The flat outpu{z, y) is no more a fix point of the system as for

The reparameterization of the canonical curvessby vt System A. It is given by the following expression from [36]:

in (1) may seem confusing and useless, but this reparame-
terization is very important since it ensures thatdfis on : :
the canonical curve ofy, the curvey,, 4, (t) remains on this & =, — l;cos(6, + ¢) — L(¢p) i 51112(9,, _21_ ) + I sinfhr)
canonical curve. By continuity, perturbing slightly around VI A+ + 20, cos(g)
74, (5) results in curves close to this canonical curve. Thisided, _, _ 1 in(6, + o) + L(y) l cos(0, + ¢) + L cos(6r)
is the basis of our construction and enables us to define a cone ' VI 412+ 21,1, cos(y)
aroundy,, (s), reachable without leaving a given ball centered (2)
on ¢g; (shaded area in Fig. 4), as proved in details in [22].

However this cone is not a neighborhood of the configura-
tion ¢, andSteer},, is not a TP-admissible steering methodwhere L(yp) = [{ (cosa/\/I12+ 12 + 21,1, coso) do is an
To reach a neighborhood af without escaping a given ball elliptic function. The directior? of the tangent to the curve
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%%O %[ 3

Fig. 5. Comparison between two steering methods on System A: sinusoidal
inputs for the equivalent chained form system (left) and flatness-based steef}
method (right). Initial and final configurations are the same in each of the §' |
cases. Note thatteerq,; generates more “natural” paths requiring fewe
cusps and less space than the sinusoidal inputs.

> 6. Collision-free admissible paths. The paths on the left are the paths
owed by the reference point of the robot. The pictures on the right show
the corresponding volumes swept by both the robot and the trailer.

(z(t),y(t)) and its curvature are given by Given a collision-free path not taking into account the
I, sin 6, + I, sin(6, + ¢) nonholonomic constraints, this path is iteratively split into
tanf = : (3) pieces the endpoints of which are linked by feasible paths

l.cos@,. + 1y cos(8, + ¢)

_sing computed withSteerg,;, as soon as they are collision-free.

= . (4) The resulting path is then randomly smoothed in a third
cos /12 + 1 + 21,1, cos(p) + L(g) sin o step: two configurations are randomly chosen on the collision-
These expressions and their inverses cannot be computeg feasible path. If the local steering method succeeds in
explicitly. We have to use numerical approximations. Thuspnnecting these two configurations by a shorter collision-free
we sample functiond.(¢), r(e) and (dr/de)(¢) in a pre- path, the sequence of sub-paths previously connecting them
computed array at the beginning of the initialization of this replaced by the new local path. This operation is repeated
module TRPLANNERThen, the values of.(¢), x(¢) and its until the global number of sub-paths stops decreasing.
inversep(x) are computed by cubic interpolation. Let us notice that following a feasible path without stopping
Note: The steering method we have developed in thiequires this path to b€ in C. This condition is fulfilled by
section can be used for any two input driftless flat systefiteers,; by constraining the third derivative of: o) (0) =
of dimension 4. In particular, chained form systems belong (1) = 0.

K

this category. Fig. 6 (top) shows the application of the algorithm on the
geometric path shown in Fig. 3. The other examples show
D. Approximation Scheme solutions in a highly constrained space.

Let us now describe our approximation scheme. This ] )

scheme is derived from the motion planner for car-like robots R€lated Work and Discussion

presented in [26]. This reference does not mention any notionA direct approach to motion planning for mobile robots
of steering method admissibility. The seminal method usesth trailers is proposed in [2]. Piecewise constant inputs are
optimal length feasible paths between two configurationgsed to explore a discretized model of the configuration space.
This strategy results automatically in a TP-admissible steerifige search is performed by Dijkstra’s algorithm allowing to
method because optimizing a cost function prevents the systike into account optimality criteria such as the path length
to go far away from the configurations to connect. or the number of reversals. The algorithm is proved to be
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asymptotically complete. Nevertheless, the paths obtained thg computation of a time-optimal motion along a path is used
this method are nof* and the robot has to stop at each nod® evaluate the cost of this path. The objective is to compute
of the graph. Augmenting the dimension of the system coudgbtimal trajectories for a mobile robot moving on a terrain.
be a way to obtairC* paths. However, the efficiency of this The problem is well understood: formal solutions exist.
algorithm dramatically decreases with the dimension of thdowever the parameterization functions are most of the time
configuration space. described as solutions of differential equations. Their effective
A method presented in [14] combines the two step approacbmputation thus requires numerical integration and has to
above and a so-called variational approach. First, a collisidme dealt with carefully, mainly because of the two following
freepath is generated. Then the nonholonomic constraints paents.
introduced progressively. At each iteration, a path is generated) The functions#,(s) and ¢(s) and their derivatives
from the previous one to satisfy more severe nonholonomic  returned by the path planner of Section Il present huge
constraints. The search explores the neighborhood of the variations. For this reason, the exact integration of the
current path according to a dynamic programming procedure. time-optimal curves would require elaborate methods
The method is neither complete nor asymptotically complete.  with adaptive time-step like Runge—Kutta for instance.

Completeness would require back-tracking, an expensive pro2) The code and execution of this step is on-board where
cedure. Nevertheless simulations have been performed with  memory is a very critical component.

success for a mobile robot with three trailers and for two Moreover, the optima"ty of the time parameteriza’[ion
tractor-trailer robots sharing the same environment. is not our first concern in this work. For this reason, we
Another nonholonomic path planner for mobile robots with have chosen to adapt an existing method described in
trailers has been proposed in [45]. It combines probabilistic  [49]. In the algorithm we propose, the trade-off between
roadmaps and approximation scheme. The strategy consists optimality and memory space is parameterized. Our
in introducing the nonholonomic constraints one by one. The  contribution here is more practical than formal.
steering method uses sinusoidal inputs. The objective here ity - main idea here is to describe the time-parameterization
to face the complexity when the number of trailers increasegy) py piecewise constant acceleration curves. The size of
We have experimented the method for our practical cases: {jg constant acceleration intervals is automatically adapted.
quality of the paths was worse (due to the use of sinusoiqg]; method results in less memory consuming data structures

inputs) and the time of computation was higher. _since we do not try to follow exactly the time optimal solution.
A heuristic approach to obstacle avoidance for a car pu”"?ﬁstead, we keep a constant acceleration as long as this

several trailers with off-axle hitching system appears in [7].3cceleration remains in a suitable interval. One of our constant
acceleration time interval usually includes several steps of a
IV. FROM PATH TO TRAJECTORY Runge_Kutta method.

Once a collision-free feasible path between two configura-In addition to the acceleration constraints, our method deals
tions has been produced, it has to be parameterized by tinigh bounds on the velocities of the robot. This point has
in order to take into account the bounds on the velocitié®t been taken into account in prior work about time optimal
and accelerations of the robot. This task is performed @@rameterization (it is mentioned in [47]).
board by the modul&RPILO. The input of this module is
a collision-free feasible patfi(z,(s),y.(s),6.(s), ¢(s)),s € B. Constraints in the Phase Plarfe, 5)

(5 start; Send] } Vmax, Umax: Wmax @Nd Wmax. The output is @ |n this section, we recall some key notions used in [4],
feasible trajectory [48], [49] and introduce some notation. Without loss of gen-
erality we consider now the case of a forward motion. By

((a:,,(s(t)),y,,(s(t)), 9,,(S(t)), (p(S(t))), te [tstart, tend]) settingd,,,.(s) — \/(da:,/ds)(s)Q 4 (dy,/ds)(s)2 and dm(s) —
that satisfies the input dynamical constraintg) is the time (d6./ds)(s), the velocities and acceleration have the following

parameterization to be computed. expressions:
o v =d,(s)$ (5)
A. Related Work and Motivation w =d, ()5 ©6)
Integrating constraints on velocities and accelerations can be D —d ()4 8 (s)52 7
done at the planning level. This is the so-called kinodynamic U B '”(S)‘?.Jr '”(8)8.2 0
motion planning problem [13], [34]. The methods are based © =du(5)8 + 6(5)$ (8)

on a discretization of the configuration space and requirephere

perfect knowledge of th€-obstacles. We did not explore this d d

direction because of the computational cost of a search inthe ~ 0u(s) = —-du(s) and  8u(s) = - du(s)-

phase space of our sys_tem Wh'(.:h IS S|>$-d|men3|(_)nal. Velocity Constraints:The velocity constraint® < » <
Transforming a path into a trajectory is a classical problem and o] < w are represented by a forbidden area

in robotics. The minimal time parameterization of a given pat “?;e phase pﬁang(lgxé)

has been mainly addressed for manipulators. Different methods ’

have been proposed in this context [4], [48], [49] (see [35] for s < Inf { Ymax  “Wmax }

an overview). Application to mobile robots appears in [47]: - dy(s)" |du(s)]
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We callvelocity saturation curvéhe curve obtained when the
previous inequality is an equality.

Acceleration Constraints:From (7) and (8),(s,3) being .
given in the phase plane, the acceleration constraifts< (wir1, Giy1) C
Umax @NA|W| < Wimax iIMpOses to belong to the intersection of o Wil
two intervals. We denote biyx(s, $), 5(s, $)] this intersection :

when it is not empty. An equivalent condition for this interval (u, @) o
not to be empty is (after computations)

.2 d)max|d'v(3)| + i/max|dw(3)| (Ui, ul) + * l —

<
o= N ©) a P
i
with (1—-2u)B +2pa ¢
(A —p)B+ pa

A = dy(8)5.(5) — du(s)6,(5).
Fig. 7. Acceleration curves; must remain in the upper interval between
The curve corresponding to equality in (9) is called the andsii.
maximal velocity curvdt is denoted by;(s). The signification
of this curve can be interpreted as follows. At any point on “'@oefficientu tunes the trade-off between memory space and
path, if the velocity is too high, both acceleration constraingptima“ty_

cannot be satisfied simultaneously. An example of this fact isTpe so-constant pseudo-acceleration curveassing by

the case of a car following a road composed of a straight Ii@gm 40) is represented in the phase plane by a parabola
and a turn of increasing curvature. This situation corresponds

to a coefficient,, starting from 0 and increasing along the turn. . - -

If the speed of the car is too high, even by braking as much § = Log 30,80 (8) = 1/ 35 + 250(s — 50).

as possible, the angular acceleration cannot be made smaller

than its maximal allowed value. This example illustrates the The acceleration curve starting from a point in the phase

fact that finding a correct parameterization of a path is a glogRne (so, 30) is defined by the following algorithm. Let
problem that requires knowledge of the path in the future. $i = (1 — 1)B3(si. $i) + pa(s;, 5;). We define

C. Our A|gor|thm Si+1 =Inf {S > 8¢, SZ € [(1 - 2“)[3(87 F(Si,éhgi)(s)

)
Before explaining our algorithm, we need to define the +2u0(s, L 5:,5)(9)), B8, Do a5 (D)1}
notion of characteristic pointintroduced in [48]. We define Si41 = D5, 50,50 (Sit1)-
then what we call acceleration and deceleration curves.
Characteristic Points: From the previous definition, the The acceleration curve starting frof®, so) is then defined
interval [a(s, 5), (s, $)] is empty iff 5> g(s). Moreover, by $ = I, s s)(s) overeach intervals;, s;1+1]. Notice that
als, g(s)) = B(s,g(s)) if do(s) # 0. In our cased, never When p tends toward zero these curves tends to maximal

vanishes, it is a property of our local planner. velocity curves (see Fig. ([48) ember, IEEE)T).
We define Deceleration curves are identically defined, replacingy
ds  dg p. .
7(s) = 5 Algorithm: Starting from (sqart, 0), we build an acceler-

ation curve until an out-point is reached. Then we build a

the difference between the slope of the phase plane trajectdeceleration curve backward from the next characteristic point.

and the slope of the maximal velocity curve. If the deceleration curve intersects the acceleration curve, we
We say that(s, $) is anout-pointif 7(s)>0 and anin- start again from the characteristic point. If the deceleration

point if 7(s) < 0. With these notationscharacteristic points curve reaches the area above the last acceleration curve, it is

are defined as points, $) wherer(s~) >0 andr(s™) <0. At stopped and the acceleration curve is extended. Finally the last

these points and only at these points, a phase plane trajectdegeleration is built backward fro(s..4, 0) until it intersects

can meet the maximum velocity curve without violating théhe already built curve. For more details we refer to [20].

acceleration constraints. Fig. 8 shows an example of phase curve taking into account
Acceleration and Deceleration Curvegirom now on we only the acceleration constraints.

call $ and s pseudo-velocity and pseudo-acceleration. Let Velocity Constraints:From now on, we call the formerly

1< 1/4 be a positive real number. The key idea of an accelduilt phase plane curve thacceleration phase curvd-rom

ation (respectively, deceleration) curve is to define contiguothss curve we are going to build another one which takes into

intervals of thes-axis where the pseudo-acceleration can kecount the velocity constraints of the robot.

kept constant and in the upper (respectively, loviZgrportion The method consists in following the acceleration phase

of the intervalla(s, $), 8(s, $)]. The size of the intervals is thuscurve until a velocity constraint is violated. Then the velocity

automatically adapted to the variation of the coefficients. Théaturation curve is followed as long as its slope corresponds

strategy enables us to gain memory space, losing optimality. a suitable acceleration, and the acceleration phase curve
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T ¥
acceleration phase curve ~——

maximal velocity curve xT . . Ty,
18 velocity saturation curve 1 (Zr,3r) . (@r,yr)

\
\
I

/

Fig. 10. Virtual robot.

a given configuration a challenging task for such systems,
proving that it could not be performed by a simple continuous
state feedback. Alternative solutions as time-varying feedback
[9]1, [32], [33], [40], [42], [43], [51] or discontinuous feedback
[8] have been then proposed. On the other hand, tracking a
Fig. 8. Phase curve (in the plafe, 5)) taking into account the acceleration trajectory for a nonholonomic system does not meet Brockett's
constraints. condition and thus is an easier task. A lot of work have also
addressed this problem [11], [17], [18], [38], [41] for the
particular case of mobile robots. See [10] for a recent survey

04+

02 ¥

maximal vethy cone in mobile robot motion control.
bl s All these control laws work under the same assumption: the
er 1 evolution of the system is exactly known and no perturbation
1af : makes the system deviate from its trajectory. Few papers deal-

ing with mobile robots control take into account perturbations
in the kinematic equations. Reference [3] however proposed
a method to stabilize a car about a configuration, robust
o8 1 to control vector fields perturbations, and based on iterative
P trajectory tracking. Reference [29] proposed another iterative
method robust to control error for chained form systems.
The presence of obstacles makes the task of reaching a
configuration even more difficult. The approach we have
. implemented combines iteratively open loop controls together
with closed loop controls. Such a strategy is analyzed by
Fig. 9. Final phase curve in the plaie, s): in this example, only step 3 assuming that the execution of a given trajectory is subjected
was encountered. to perturbations. The model we chose for these perturbations
is simple and general. The approach presents some common
remains above the velocity saturation curve. Three events ¢@ints with [3] and [29]. The main difference lies in the error
then occur. model used.

1) The slope of the velocity saturation curve becomes
too big: an acceleration curve is built until it reache8. Trajectory Tracking

the velocity saturation again or until it reaches the \jopile Robot Without Trailer:The low velocity (50 cm/s)
acceleration phase curve. . of Hilare’s motions, the good quality of its locomotion system
2) The slope of the velocny saturat_lon curve becomes QR4 the good quality of the planned trajectories make the
small: from the next point on this curve such that thgiectory tracking task non critical. We devised a simple
slope is again suitable, a deceleration curve is bullpnirol [aw enabling us to reuse the controller of our robot
backward.. . ) _without trailer [23] (this is its only advantage with respect
3) The velocity saturation curve intersects the acceleratigh the various existing approaches). This controller directly
phast_a curve: |t_|s followed until it intersects again thgearived from [41]. Let(x,y,6) be the coordinates of the
velocity saturation curve. reference robot in the frame of the real robot. I(ef,w?)
Fig. 9 shows the final phase curve taking into account all ti@ the inputs of the reference trajectory. The control law has
constraints. the following expression:

_ .0
V. MoTION CONTROL v =v.cos0 +kix

ino
wr =0 ks ks

- (20)
A. Motivation and Related Work

Motion control for nonholonomic systems have givenrise to In the following paragraph, we show how to extend this
a lot of work. Brockett's condition [5] made stabilization aboutontrol law to a robot with trailer.
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System A:The idea of our controller is the following. When robot

. . . tability d i
the robot goes forward, the trailer is not taken into account p ROy comam

and we stabilize the robot according to the simple control law Wl
above. When the robot goes backward, we define a virtual
robot, symmetrical to the real robot with respect to the wheel
axle of the trailer (Fig. 10). The configuration of the virtual
robot with respect to the real one is given by
reference
T, =x, — 20 cos b, trailer
Yr =yr — 2lsin b, Fig. 11. Stability domain for.

9},:9t—¢+w.

If (#,&) are the linear and angular velocities of the virtudfig. 11 shows the domain on whidi| is decreasing for a

robot, we geti = —v, & = (2v/£)sin(p)—w. Thus the virtual given value ofe?. This domain is always a neighborhood of

robot goes forward and virtually pulls the trailer. We appl$. Moreover, the previous computations permit easily to show

therefore the control law (10) to the virtual rob@t,, ¢, é,,). that O is an asymptotically stable value for the variaple
System B:When the trailer is hitched behind the robot, the Thus if the real or virtual robot follows its reference forward

former construction is even more simple: we can replace ttra@jectory, the trailer is stable and will converge toward its

virtual robot by the trailer (a similar idea appears in [39])own reference trajectory.

In this case indeed, the velocities of the rol§ot,w,) and

of the trailer(v;,w;) are connected by a one-to-one mapping:  |terative Scheme and Robustness

The configuration of the virtual robot is then given by the

following system: Once the robot stops after tracking a planned trajectory, the

) gap to the real goal is computed. If this gap is greater than
&y =xp — I, cos b — Iy cos(br + @) some threshold, then a new trajectory is planned and tracked.
Ur =Yr — lpsin b, — Iy sin(0,. + ¢) As we will see below this simple iterative scheme gives very
. —¢ good results. Usually, no more than one maneuver is needed
r — Upr + 90 + . . . e .
to improve the final position of the system. Before presenting

Stability of the Trailer: Do the previous approaches makehe experimental results, let us analyze the robustness of this
the motion of the trailer truly stable? To answer the questi@gntrol scheme from a formal point of view.

we consider here a forward motion for System A. The analysisFor this, we need to have a model of the perturbations
of backward motions is equivalent by considering the virtugkising when the robot moves. In our experiment we observed
robot transformation. Moreover the following analysis may beindom perturbations due for instance to some p|ay in the
applied as well to System B by considering the motion of thitching system. These perturbations are very difficult to

hitching point. model. For this reason, we make only two simple hypotheses
Let us denote by(x?2 42,69, ¢ +2,w0) a reference tra-

jectory and by(z,, ¥y, 8, ¢, v, w,) the real motion of the de(q(s),4%(s)) < 6s

system. We assume that the robot follows exactly its reference de(q(s), °(s)) < A

trajectory: (@, ¥, O, vy wr) = (22,942,609, 02, w8) and we

focus our attention on the trailer deviatign= ¢ — ¢°. The \heres is the curvilinear abscissa along the planned path,
evolution of this deviation is easily deduced from the equatiqfhq 4° are, respectively, the real and reference configurations,

of System A {, = 0) de is a distance over the configuration space of the system
¢=— &(Sin @ — sin ) andé,_A are positive constants. The first inequality means that
Iy the distance between the real and the reference configurations
20, o+ 0\ (/) is proportional to the length of the mption alirea.dy executed
= - 7, COS< 5 )Sln 5] along the planned path. The second inequality is ensured by
the trajectory tracking control law that prevents the system
|| thus decreases iff to go too far away from its reference trajectory. Let us point
. out that these hypotheses are very realistic and fit a lot of
T % <7 2n). (11) Perturbation models.
2 2 2 We need now to know the length of the paths generated at

Our system is moreover constrained by the inequalities  each iteration. We have seen that the steering method we use
0 to compute these paths is TP-admissible. This means that if
—n[2< g, 07 < /2 (12) the goal is sufficiently close to the starting configuration, the
so that—m < ¢ < and (11) is equivalent to computed trajectory remains in a neighborhood of the starting
configuratiof. In [21] we compute an estimate in terms of

o_T _ 2 9.0
0<¢’< 2 and - —m<¢<m—2p distance: ifg; andg are two sufficiently close configurations,

or (13)

™ .
_n 0 P 9,0
2 <¢ <0 and T2 << 5This property is related to the small-time controllability of our system.
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Ginit Qgoal A(h qu

1 r = 9.42 x =2.04 Az =0 18 sec
y=—-2.90 y = —2.5 Ay = —-0.02 0 cusp
6 = 91.39 0 =90 Af =0.18
p=—10.19 | o= Ap =20

11 x = 2.10 z = 4.26 Az =0 Az =0.01 1 min 53 sec
y = —2.43 y=—0.50 | Ay=10.14 Ay = —-0.02 3 cusps
6 =89.7 0 =180 A =4.13 Af =1.96
=0 =0 Ap=-493 | Ap=-0.71

T | z=4.27 y = 10.30 Axr=0.13 Az = —0.02 23 sec
y = —0.51 y=—7.32 | Ay=10.01 Ay = —0.01 1 cusp
6 =179.63 6 = 90 A =445 A0 =0.96
p =0.35 =0 Ap=-4.93 | Ap =-0.35

Fig. 12. Three experiments |, I, and Il from left to right, for system A. The initial configuration is in black, the final configuration is in grey. Notice

that in Experiment |, the system backs up over a quite long distance (10 meters).

the length?(q1, ¢2) Of Steerqai(q1,g2) verifies 120 cm. Those of System B ate = 65 cm andl; = 90 cm.
14 For both systems, the bounds on the velocities and acceler-
Har, g2) <ndelq1, 2) ations arevmax = 0.5 Mst, wyax = 0.5 rads™, tyax = .5
—2 N _ 2
wheren is a positive constant. ms™* and wpax = 1.8 rads™.

Thus, if (¢,)i_12.. is the sequence of configurations O €ach experiment, we proceed as follows. We localize
reached aftef motions, we have the following inequalities: the initial position of the robot using the cameras on the
ceiling. Then we specify a goal configuration via the interface.
dc(q1, Ggoal) <A After computations, the motion is executed. The position of
Ac(Git1, Guoal) < (24, Tgoal) the robot is updated by the dead-reckoning system combining
< 677dC(qianoal)l/4- the_ odometer of H|Iare-2-p|s anq th_e angular encoder of the
- . trailer. If the reached configuration is too far from the goal,
These inequalities ensure thit(g;, ge0a1) iS upper bounded we re-execute the same process. Figs. 12 and 13 display
by a sequencéd;);=1 ».... of positive numbers defined by  the paths computed and give the precision reached after the
first and second motions, with respect to the dead-reckoning
dy =4 localization. The times of computation correspond to the
diyy = 6ndi’* first path planning task on a Sun Sparc Ultra. The time
parameterization is very fagt<l s). Let us point out that
and converging towardén)*/3. the second planning task is almost instantaneous because both
Thus, our iterative method does not converge exactly towatgnfigurations are very close to one another and only one call
the goal, but ensures the existence of a stable domainQfihe |ocal planner is generally enough. The exact position
convergence around the goal. This result essentially comgsine rohot cannot be measured exactly after each motion
from the very general model of perturbations we have chosg.5;se the robot is not always under one of the cameras.
The experimental result.s of the .foIIowmg section Sho‘1\-’|owever, the experimental results reported in Figs. 12 and 13
however, that the converging domain of our control SChen&?e representative of the efficiency of the motion control task
is very small. since the feedback law uses dead-reckoning data. Moreover,
for paths such as those we executed in these experiments, the
VI. EXPERIMENTS drift of the dead-reckoning system is less than 5 cm which
We present three experiments for each system. The geepresents a very good precision. We give the accuracy of the
metric map of the environment covers 17¢.nThe bitmap reached configuration only at the end of the motion because
representation of the environment is a grid of 150000 pixelsie experienced that the error during the motion increases at
The geometric parameters of System A ire- 0 cm and; = the beginning of the motion and then remains stable. Thus,
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Qinit 9goal Aql AQQ

1 z =220 x = 10.10 Az =-0.05 | Az =0 1 min 10 sec
y=—224 | y=—-6.90 | Ay =0.02 Ay = —-0.01 1 cusp
8 =90 # =90 Af=-1.10 | AP =-1.90
=20 =0 Ap =141 Ay = 1.05

11 =531 z = 10.08 Az =0.02 40 sec
y=-—261 | y=-7.70 | Ay =0.03 1 cusp
0 = 89.44 6 =-90 A8 = 0.81
p=19.01 | ¢p=27.65 | Ap =-0.19

HI | 2=9.99 z = 5.34 Az =0 Az =0 1 min 12 sec
y=-200 | y=-266 | Ay=-0.06 | Ay =-0.01 1 cusp
# = 90.20 9 =90 Af =0.54 A8 = —0.75

=141 | ¢=1843 | Ap=1.28 | Ap=0.58

Fig. 13. Three experiments I, Il, and Ill from left to right, for system B. The initial configuration is in black, the final configuration is in grey. The
zoom shows the final maneuver of the experiment Ill.

values at the end are a good estimate of the precision during ACKNOWLEDGMENT

the _Wh°|e motion. The authors would like to thank G. Bauzil, S. Fleury,
Figs. 12 and 13 gather the results for System A and SySigfn yerph and M. Khatib for their help in integrating both
B, respectively. Times correspond to the total time of th&ne motion planner and the control law within the global

planning phase and the transformation of the paths into the-hitecture of Hilare-2-bis, and A. Ferrand for designing the
trajectories to be executed. The good accuracy is mainly diiSijer of Hilare.

to both the performance of the locomotion system of Hilare
and the “smoothness” quality of the planned trajectory.
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